Abstract. We study the canonical stability of a smooth projective 3-fold V of general type. We prove that |5K V | gives a birational map onto its image provided p g ≥ 4. For those V with p g = 3, |6K V | gives a birational map. Known examples show that both the results are optimal.
Introduction
Throughout the base field is C. Let V be a smooth projective variety with κ(V ) > 0. For all integer m > 0, one may define the so-called mcanonical map Φ m , which is nothing but the rational map corresponding to the complete linear system |mK V |. Within birational geometry, to study the behavior of Φ m has been one of the classical and important aspects. When dim V ≤ 2, the behavior of Φ m is known quite well according to works by a long list of authors. When dim V ≥ 3, known results on Φ m are partial and there remains a lot of open problems on this topic. In this paper, we study a 3-fold of general type.
Assume dim V = κ(V ) = 3. According to Mori's MMP, V has a minimal model X with only Q-factorial terminal singularities. Denote by K X the canonical Weil divisor on X. One may also define the mcanonical map ϕ m corresponding to the complete linear system |mK X |. Modulo birational equivalence, both Φ m and ϕ m share lots of common properties, e.g. birationality. In general, it doesn't make sense to study the basepoint freeness of |mK X | unless m is divisible by the canonical index r(X). However, one may consider the birationality of Φ m or ϕ m . It's well-known that, for a given V , Φ m(V ) is birational onto its image whenever m(V ) ≫ 0. Therefore quite an interesting thing to do is to answer the following question which is still open Question 1.1. Let V be a smooth projective 3-fold of general type.
(1) Do there exist a universal lower bound N (N doesn't depend on V ) such that Φ m is birational onto its image for all m ≥ N?
(2) For a given V , what is the optimal lower bound m 0 (V ) such that Φ m 0 (V ) is birational?
The paper is partially supported by the National Natural Science Foundation of China (Key Project No. 10131010), Shanghai Scientific & Technical Commission (Grant 01QA14042) and SRF for ROCS, SEM. Example 1.4. Denote by S a smooth minimal surface of general type with (K 2 S , p g (S)) = (1, 2). Pick up a smooth curve C k of genus k ≥ 2. Set X k := S × C k . Then p g (X k ) = 2k ≥ 4. It is obvious that the Φ 4 of X k is not birational. This is of course a trivial example. Example 1.5. On P 3 C , take a smooth hypersurface S of degree 10. S ∼ 10H where H is a hyperplane. Let X be a double cover over P 3 with branch locus along S. Then X is a nonsingular canonical model. K 3 X = 2 and p g (X) = 4 and Φ 1 is a finite morphism onto P 3 of degree 2. One may easily check that Φ 4 is also a finite morphism of degree 2.
2. The general method 2.1. Brief review on curves. We recall several facts which will be applied in the paper.
(2.1.1) Let C be a smooth curve of genus ≥ 2. Then ϕ m is an embedding for all m ≥ 3.
(2.1.2) Let C be a smooth curve of genus ≥ 2. Assume D is a divisor on C. Then K C + D is very ample whenever deg(D) ≥ 3 and |K C + D| is basepoint free whenever deg(D) ≥ 2.
(2.1.3) Let C be a smooth non-hyperelliptic curve. Assume D is a divisor on C with deg(D) ≥ 2. Then the rational map corresponding to |K C + D| gives a birational morphism onto its image. , p g (S)) = (1, 2), where σ : S → S 0 is the contraction onto the minimal model. Assume L is a nef and big Q-divisor on S. Then the rational map corresponding to |K S + 3σ
Proof. First, it is easy to reduce to the case that the movable part of |σ * (K S 0 )| is basepoint free. So we may assume, from now on, that the movable part of |σ * (K S 0 )| is basepoint free. Denote by |G| the movable part of |σ * (K S 0 )|. Then |G| is composed of a rational pencil of curves of genus 2 and h 0 (S, G) = 2 (see [1] ). Let C ∈ |G| be a general member. The Kawamata-Viehweg vanishing theorem (see 2.4 below) gives the surjective map
Applying the vanishing theorem again, we get the surjective map
where deg(D) ≥ 3. So |K S + 3σ * (K S 0 ) + L || C gives a birational map. We are done.
Vanishing theorem.
We always apply the Kawamata-Viehweg vanishing theorem (see [13] or [22] ), which plays very effective roles throughout the whole context. It is also well-known that, on surfaces, one may apply the vanishing theorem without the assumption for "normal crossings" (see [20] ).
2.5. Set up for ϕ 1 . Because of the successful 3-dimensional MMP, one may always study a minimal 3-fold. Let X be a minimal projective 3-fold of general type with only Q-factorial terminal singularities. Suppose p g (X) ≥ 2. We study the canonical map ϕ 1 which is usually a rational map. Take the birational modification π : X ′ → X, according to Hironaka, such that (i) X ′ is smooth; (ii) the movable part of |K X ′ | is basepoint free. (Sometimes we even call for such a modification that those movable parts of a finite number of linear systems are all basepoint free.) (iii) π * (K X ) is linearly equivalent to a divisor supported by a divisor of normal crossings.
Denote by g the composition
where M 1 is the movable part of |K X ′ |, Z 1 the fixed part and E 1 an effective Q-divisor which is a Q-sum of distinct exceptional divisors. Throughout we always mean π * (K X ) by K X ′ −E 1 . We fix a divisor K X ′ from the beginning. So, whenever we take the round up of mπ * (K X ), we always have mπ * (K X ) ≤ mK X ′ for all positive number m. We may also write π
If dim ϕ 1 (X) = 2, we see that a general fiber of f is a smooth projective curve of genus g ≥ 2. We say that X is canonically fibred by curves of genus g.
If dim ϕ 1 (X) = 1, we see that a general fiber S of f is a smooth projective surface of general type. We say that X is canonically fibred by surfaces with invariants (c
A generic irreducible element S of |M 1 | means either a general member of |M 1 | whenever dim ϕ 1 (X) ≥ 2 or, otherwise, a general fiber of f . Theorem 2.6. Let X be a minimal projective 3-fold of general type with only Q-factorial terminal singularities and assume p g (X) ≥ 2. Keep the same notations as in 2.5. Pick up a generic irreducible element S of |M 1 |. Suppose, on the smooth surface S, there is a movable linear system |G| and denote by C a generic irreducible element of |G|.
there is a positive integer m such that the linear system
separates different generic irreducible elements of |G|;
(ii) there is a rational number β > 0 such that π * (K X )| S − βC is numerically equivalent to an effective Q-divisor;
(iii) either the inequality α :
Then we have the inequality mξ ≥ 2g(C) − 2 + α 0 . Furthermore, ϕ m of X is birational onto its image provided either α > 2 or α 0 = 2 and C is non-hyperelliptic or C is non-hyperelliptic, m − 1
Proof. We consider the sub-system
This system obviously separates different generic irreducible elements of |M 1 |. By the birationality principle (P1) and (P2) of [5] , it is sufficient to prove that |mK X ′ || S gives a birational map. Noting that
− S is nef and big, the vanishing theorem gives the surjective map
We still apply the principle (P1) and (P2) of [5] . Because
By the vanishing theorem, we have the surjective map
and that C is nef on S, we have deg(D) ≥ α and thus deg(
we see that the right linear system in above gives a birational map. So ϕ m of X is birational. Whenever deg(D) ≥ 2, |K C + D| is basepoint free. Denote by |M m | the movable part of |mK X ′ | and by |N m | the movable part of
The theorem is proved.
Proof of the main theorem
We study ϕ m according to the value d := dim ϕ 1 (X)
(ii) ϕ 6 is birational onto its image for p g (X) = 3.
Proof. We take m = 5 and will apply Theorem 2.6. In this case, S is a general member of |M 1 |. So S is a smooth surface of general type.
Then |G| is a basepoint free system on S, since g is a morphism. Take a generic irreducible element C of |G|. C is a smooth curve of genus ≥ 2. We have p = 1. Case 1. If d = 3, then we may take β = 1. Because π * (K X )| S ≥ G and |G| is not composed of a pencil of curves, Theorem 2.6(i) is satisfied. Noting that C 2 ≥ 2 in this case, we have
Thus α = 2ξ ≥ 4. Theorem 2.6 implies that ϕ 5 is birational. Case 2. If d = 2, then we may take β = 1 whenever p g (X) = 3 and β = 2 whenever p g (X) ≥ 4. Noting that |G| is composed of a pencil, we have G ≡ qC where q ≥ p g (X) − 2.
When |G| is a rational pencil, since π
When |G| is an irrational pencil, then q ≥ 2. Pick up two different generic irreducible elements C 1 and C 2 in |G|. Then G − C 1 − C 2 is nef. Note that
Applying the vanishing theorem, we have the surjective map
where D i are of positive degree for all i. . Take m 2 = 5. Then (m 2 − 3)ξ > 1. Theorem 2.6 gives ξ ≥ 4 5 . Take m 3 = 6. Then (m 3 − 3)ξ > 2. Theorem 2.6 gives ξ ≥ 5 6 . Similarly, if we take m 4 = 7, then we get ξ ≥ 6 7 .
)ξ > 2. Therefore, by Theorem 2.6, ϕ 5 is birational.
When p g (X) = 3, α = (6 − 3)ξ > 2. Thus ϕ 6 is birational. Proof. This is the simple case. Because g(B) > 0, the movable part of |K X | is already basepoint free on X and M 1 ≡ aS with a ≥ 2. So one always has π
, where S is the general fiber of the derived fibration f : X ′ → B and σ : S → S 0 is the contraction onto minimal model. Note that
Also note that Because |5K X ′ | separates different fibers of f , we may conclude that ϕ 5 is birational. Proposition 3.4. Let X be a minimal 3-fold of general type with only Q-factorial terminal singularities. Assume p g (X) ≥ 3, d = 1 and B = P 1 . Pick up a general fiber S of f : X ′ → P 1 and let σ : S → S 0 be the contraction onto minimal model. Suppose that there is a movable linear system |G| on S with G ≤ 2σ * (K S 0 ) and that |G| is not composed of an irrational pencil of curves. Then
(ii) | 5π
This means that ϕ 4 | S dominates the bicanonical map of S. So 4π
This means that ϕ 5 | S dominates the bicanonical map of S. So 5π
We are done.
Theorem 3.5. Let X be a minimal 3-fold of general type with only Q-factorial terminal singularities. Assume
and S is a surface with invariants (K
, p g (S)) = (1, 2) and (2, 3) where S 0 is the minimal model of S. Then (i) ϕ 5 is birational whenever p g (X) ≥ 4.
(ii) ϕ 6 is birational whenever p g (X) = 3.
Proof. In order to apply Theorem 2.6, we set G := 2σ * (K S 0 ) where σ : S → S 0 is the contraction onto minimal model. By (2.2.4), |G| is basepoint free. So |G| is not composed of a pencil of curves. A general member C ∈ |G| is actually non-hyperelliptic by (2.2.3). We set m = 6, p = 2 whenever p g (X) = 3 and m = 5, p = 3 whenever p g (X) ≥ 4.
By the previous proposition, Theorem 2.6(i) is satisfied. What we need is a suitable value β in order to perform the calculation. Denote by M k the movable part of |kK X ′ | for all k > 0. Note that the total number of linear systems we come across in our argument is finite. So we may suppose, by modifying π, that |M k | is basepoint free for upper bounded k. Pick up a number n > 0. Because O(p) ֒→ f * ω X ′ , we have
So we may choose a β in the number sequence { pn 2(p+2)n+2 | n > 0}. Suppose n is sufficient large, one may take a number β → 
By Theorem 2.6 and because C is an even divisor, ϕ 5 is birational.
If p g (X) = 3, we may also choose a β such that 6 − 1 − (ii) ϕ 6 is birational whenever p g (X) = 3.
Proof. We will still apply Theorem 2.6. We may take p = 2 whenever p g (X) = 3 and p = 3 whenever p g (X) ≥ 4. Pick up a general fiber S. Take |G| to be the movable part of |σ * (K S 0 )|. According to [1] , we know that |G| is not composed of a pencil and a general member C ∈ |G| is a smooth curve of genus 3. By the vanishing theorem, we have the surjective map
So we have 2π * (K X )| S ≥ C by Lemma 2.7 of [5] . One may take β = . Take m 2 = 6, we will get ξ ≥ , p g (S)) = (1, 2), where S 0 is the minimal model of S. Denote by σ : S → S 0 the contraction map. Let f : X ′ → P 1 be the derived fibration. Let L 0 be the saturated sub-bundle of f * ω X ′ which is generated by H 0 (W, f * ω X ′ ). Because |K X ′ | is composed of a pencil of surfaces and ϕ 1 factors through f , we see that L 0 is a line bundle on P 1 . Denote
On the other hand, it's well-known that f * ω X ′ /P 1 is semi-positive (see [10] ). Thus deg(
Claim 3.8. Keep the same assumption as in 3.7. Fix two smooth fibers S 1 and S 2 of f , the restriction map
is surjective.
Proof. Considering the exact sequence:
we have the long exact sequence
If, for a general fiber S, α 1 is surjective, then we see that
We are done. Otherwise, α 1 is not surjective. Because α 1 = 0, we see that
The claim is true.
Lemma 3.9. Keep the same assumption as in 3.7. Denote by |G| the movable part of |K S |. Pick up a general member C ∈ |G|.
C is numerically equivalent to an effective Q-divisor whenever p g (X) ≥ 4.
(
C is numerically equivalent to an effective Qdivisor whenever p g (X) = 3.
Proof. We may assume that, on X ′ , all movable parts of a finite number of linear systems are basepoint free. Denote by M k the movable part of |kK X ′ | for all k > 0. Denote by M 0 the movable part of |K X ′ + 2S 1 |, where S 1 is a fixed smooth fiber of f . Because π * (K X ) ≥ 2S 1 , by Claim 3.8, we always have
where G is the movable part of |K S | and C ∈ |G| is a general member. So C is a smooth curve of genus two acording to [1] . Case 1. p g (X) ≥ 4. We consider the sub-system
Denote by M 00 the movable part of |5(K X ′ + 2S 1 )|. By [5] , we know already that ϕ 5 is generically finite. So M 00 is nef and big. By the vanishing theorem, we have the surjective map H 0 (X ′ , K X ′ + M 00 + 2M 0 + S 1 ) −→ H 0 (S, K S + M 00 | S + 2M 0 | S ).
Noting that M 00 | S ≥ 5M 0 | S , we see that M 13 | S ≥ 8C by Lemma 2.7 of [5] , because |8C| is movable on S. Thus 13π * (K X )| S ≥ 8C. Case 2. p g (X) = 3. First, we have the surjective map by the vanishing theorem
we have a movable linear system |G| on W . Denote by H a generic irreducible element of |G|. Assume that (i) either H is smooth or H is a curve (not necessarily smooth); (ii) Λ separates different generic irreducible elements of |G|; (iii) Λ| H gives a birational map onto its image. Then Λ gives a birational map.
Now we consider the system |7K X ′ |. Let S be a general fiber of f . Suppose g(B) = 0. In order to prove the birationality of ϕ 7 , we have to study the system |7K X ′ || S which is not necessarily a complete linear system. On the surface S, we always take a movable system |G| where either G := 2σ * (K S 0 ) or G ≤ 2σ * (K S 0 ) and |G| is not composed of an irrational pencil of curves. Because
